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Abstract Over the last decades research has been performed in order to improve
the transient behavior of adaptive systems. To that end, this paper develops a new
adaptive control architecture for uncertain dynamical systems to achieve guaranteed
transient performance in the presence of state constraints. For this purpose, we extended a recently developed command governor method. Specifically, the command
governor is a dynamical system adjusting the trajectory of a given command in order
to follow an ideal reference system in transient time, where this system captures a
desired closed-loop dynamical system behavior specified by a control engineer. Our
extension enables this method to handle state constraints in the range space of the
control input matrix. Alternative approaches for enforcing state constraints outside
of the range space are further discussed. Finally, these methods are illustrated for
the lateral and the longitudinal motion of an aircraft.

1 Introduction
In control theory, mathematical models, derived from fundamental physical laws,
are used for the design of controllers in order to achieve certain stability and performance objectives. These models, however, are subject to uncertainties due to ide-
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alized assumptions, simplifications, nonlinearities, time-varying parameters, measurement noise, and disturbances in order to name a few.
Although fixed-gain robust control design approaches can deal with such uncertainties, they require the knowledge of characterized uncertainty bounds, which may
not be trivial to obtain due to practical constraints (e.g. extensive verification and
validation procedures). Moreover, in the face of high uncertainty levels, they may
fail to satisfy a given system performance requirement. On the other hand, adaptive
controllers require less modeling information than fixed-gain robust controllers for
coping with these high uncertainty levels, and therefore, they are important candidates for such applications.
Adaptive Controllers can be classified either as direct or indirect [14]. Indirect
adaptive controllers employ an estimation algorithm in order to approximate the unknown system and adapt the controller gains. In contrast, direct controllers adapt the
controller’s feedback gains without requiring any estimation process. In this paper,
direct adaptive controllers, in particular model reference adaptive control (MRAC),
are considered. MRAC schemes use the error between the output (resp. state) of an
ideal reference model, specifically designed in order to achieve a desired closedloop system behavior, and the output (resp. state) of the uncertain plant in order to
update uncertain parameters of the controller online. In particular, the objective of
the adaptive controller is to suppress the system’s uncertainty and drive the control
error to zero. Although this objective can be achieved asymptotically, the uncertain
system’s output (resp. state) might be far different from the desired output (resp.
state) of the ideal reference model in transient time.
It is well known that high learning rates in the adaptive update laws improve
the transient performance of the system. However, these high gains might lead to
oscillations in the command or amplify unmodeled dynamics, which can lead to
instability for real-world applications as discussed in [1], [2], [8]. Hence, often a
trade-off between stability and transient performance has to be considered in the
design process. In some adaptive approaches, such as [7] and [16], this trade-off is
not necessary. However, an upper bound of the uncertainty is required a priori, which
might be excessed only in some specific cases. For example, a sudden structural
damage might lead to uncertainties much higher than anticipated.
In [17] and [19], a command governor1 structure has been introduced, which ensures approximate tracking of the desired reference model in transient time along
with adaption. The command governor is a dynamical system adjusting the trajectories of a given command in order to follow an ideal reference system in transient
time. Since the command governor suppresses the uncertainties rapidly, a smaller
learning rate is necessary than in traditional MRAC schemes.

1

In the context of handling state and control constraints of dynamical systems, several command
governor approaches are studied in the literature (see, e.g., [3], [6] and references therein). Even
though the command governor architecture of this paper alters a given command similar to those
approaches, our objective is to address the poor transient performance phenomenon of adaptive
controllers as applied to nonlinear uncertain dynamical systems, and hence, the proposed architecture signicantly differs from the existing command governor approaches.
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In this paper, the idea of the approximate transient tracking of the desired reference model is extended to enforce state constraints on the uncertain dynamical
system. Our extension enables this command governor methodology to handle state
constraints in the range space of the input matrix. Alternative approaches for enforcing state constraints outside of the range space are further discussed. Finally, these
methods are illustrated for the lateral and the longitudinal motion of an aircraft.

2 Notation
The notation used in this paper is fairly standard. Specifically, ℜ denotes the set of
real numbers, ℜn denotes the set of n × 1 real column vectors, ℜn×m denotes the
set of n × m real matrices, (·)T denotes transpose, (·)−1 denotes inverse, and “,”
denotes equality by definition. In addition, we write λmin (A) (resp., λmax (A)) for
the minimum (resp., maximum) eigenvalue of the Hermitian matrix A, det(A) for
the determinant of the Hermitian matrix A, In ∈ ℜn×n
+ for the unity matrix, tr(·) for
the trace operator, Proj(·) for the projection operator [15], vec(·) for the column
stacking operator, k·k2 for the Euclidian norm, k·k∞ for the infinity norm, and k·kF
for the Frobenius matrix norm.

3 Problem Formulation
In this section, we present a brief overview of the MRAC scheme augmented with
the command governor methodology. Specifically, consider the following nonlinear
uncertain dynamical system:
ẋ(t) = Ax(t) + Bu(t) + D∆ (x(t)),
ℜn

x(0) = x0 ,
ℜm ,

(1)
ℜn

ℜm

where x(t) ∈
is the accessible state vector, u(t) ∈
∆ (x(t)) :
→
is an
uncertainty, A ∈ ℜn×n is a known system matrix, B ∈ ℜn×m is an unknown control input matrix, and D ∈ ℜn×m is a known uncertainty input matrix such that
det(DT D) 6= 0. We assume that the pair (A, D) is controllable and the required properties for the existence and uniqueness of solutions are satisfied in (1).
Assumption 3.1. The uncertainty in (1) can be parameterized as
∆ (x) = W T σ (x),

x ∈ ℜn ,

(2)

where W ∈ ℜs×m is an unknown weight matrix and σ : ℜn → ℜs is a known basis
function of the form σ (x) = [σ1 (x), σ2 (x), . . . , σs (x)]T .
Remark 3.1. In Assumption 3.1, we assume that the basis functions σ (x(t)) is
known. For the other case, the parametrization in (2) can be relaxed, for example,
by considering ∆ (x(t)) = W T σ nn (V T x(t)) + ε nn , x(t) ∈ Dx , where W ∈ ℜs×m and
V ∈ ℜn×s are unknown weight matrices, σ nn : Dx → ℜs is a known vector composed
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of neural network function approximators, ε nn : Dx → ℜm is an unknown residual
error, and Dx is a compact subset of ℜn [13].
Assumption 3.2. The unknown control input matrix in (1) is parameterized as
B = DΛ ,

(3)

where Λ ∈ ℜm×m
is an unknown control effectiveness matrix.
+
The system (1) is desired to follow the given uniformly continuous bounded command c(t) ∈ ℜn through the closed-loop (non-ideal) reference model dynamics proposed in [10], [11]:
ẋm (t) = Am xm (t) + Bm c(t) + Lec (t),

xm (0) = xm0 ,

t ≥ 0.

(4)

In (4), xm (t) ∈ ℜn is the reference model state vector, Am ∈ ℜn×n represents the
desired Hurwitz system matrix, and Bm ∈ ℜn×m is the command input matrix.
ec (t) , x(t) − xm (t) ∈ ℜn is the control error and L = κIn represents a positive definite observer matrix. Notice that κ = 0 recovers the ideal (undisturbed) reference
model. The observer matrix is applied in order to achieve faster error dynamics in
comparison to the reference model [10], [11].
Remark 3.2. Even though the formulation given here is based on a closed-loop
reference model, as we see later, the augmentation of the MRAC scheme by the
command governor allows us to follow the ideal (κ = 0) reference model in transient
time and steady-state.
Now, a feedback law u(t), subject to (2) and (3), is constructed such that the
states x(t) asymptotically track the reference model states xm (t). For this purpose,
u(t) = un (t) − uad (t),

(5)

where un (t) ∈ ℜm is the nominal feedback control for the certain system and
uad (t) ∈ ℜm represents the adaptive feedback control law in order to asymptotically
cancel uncertainties of the system. The nominal control is given by
un (t) = −Kx x(t) + Kc c(t),

(6)

where Kx ∈ ℜm×n is the nominal feedback matrix and Kc ∈ ℜm×m , det(Kc ) 6= 0 is
the feedforward matrix chosen such that A − DKx = Am and DKc = Bm . Application
of (5) and (6) on (1) along with the assumptions (2) and (3), yields
ẋ(t) = Am x(t) + Bm c(t) + DΛ (−uad (t) +WuT un (t) +WσT σ (x(t))),

(7)

where WσT = Λ −1W T ∈ ℜm×s and WuT = [I −Λ −1 ] ∈ ℜm×m . Furthermore, the adaptive feedback law
(8)
uad (t) = ŴuT un (t) + ŴσT σ (x(t)))
is proposed, where ŴσT ∈ ℜm×s and ŴuT ∈ ℜm×m represent estimates of the ideal
weights WσT and WuT , respectively, which are satisfying the weight update laws
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Ŵ˙ σ = Γσ σ (x(t))eTc (t)PD,
Ŵ˙ u = Γu un (t)eTc (t)PD,

Ŵσ (0) = Ŵσ ,0 ,
Ŵu (0) = Ŵu,0 ,

5

(9)
(10)

n×n
with the symmetric positive definite learning rates Γσ ∈ ℜs×s
+ and Γu ∈ ℜ+ . P ∈
n×n
ℜ+ represents the symmetric positive definite solution of the Lyapunov equation

[Am − L]T P + P [Am − L] = −R,

(11)

where R ∈ ℜn×n
is a symmetric positive definite designer matrix. Furthermore,
+
W̃σ (t) , Ŵσ (t) − Wσ and W̃u (t) , Ŵu (t) − Wu denote the adaptive weight estimation errors. Using (8) in (7), we have
ẋ(t) = Am x(t) + Bm c(t) − DΛ (W̃uT un (t) + W̃σT σ (x(t)))

(12)

The error dynamics are computed by using (4) and (12):
ėc (t) = [Am − L] ec (t) − DΛ (W̃uT un (t) + W̃σT σ (x(t)))

(13)

It is well known that Lyapunov stability of the adaptive weight estimation errors
W̃u (t) and W̃σ (t), and the control error ec (t) can be
of the
 shown by application


Lyapunov function candidate V = eTc (t)Pec (t) + tr W̃uT Γu−1W̃u + tr W̃σT Γσ−1W̃σ .
Furthermore, it can be proven that limt→∞ ec (t) = 0. Due to space limitations (and
similarity to section 5), the proof is omitted.
The MRAC approach with closed-loop reference model, presented above, guarantees only asymptotic convergence of the tracking error to zero. Although the transient performance is improved in comparison to standard MRAC as a consequence
of the closed-loop reference model [10], [11], the transient response of the system is
still subject to the scaling problem arising with adaptive control (e.g., performance
can change with respect to the same commands having different (scaled) amplitudes). That is, in contrast to linear control, the response of adaptive systems is not
scalable due to their nonlinear nature. Therefore, a trade-off between good tracking
performance, achieved by fast suppression of the uncertainties (high learning rates
Γ ), and acceptable control inputs u(t) (lower learning rates Γ ) has to be considered
in the design process. In order to achieve this goal, the so-called command governor (CG, [17], [19]) is used. Basically, the command governor is a parallel linear
dynamical system that influences the characteristics of the command c(t), which is
applied on the reference model (4) and the nominal control (6). Consequently, the
command c(t) consists of two parts,

−1 T
c(t) = cD (t) + Kc−1 DT D
D g(t),

(14)

where cD (t) ∈ ℜm is the uniformly continuous bounded desired tracking command
and g(t) ∈ ℜn is the output of the linear command governor system, given by
ξ˙ (t) = −λ ξ (t) + λ ec (t),

ξ (0) = 0,

(15)
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g(t) = λ ξ (t) + [Am − L − λ In ] ec (t),

(16)

with the command governor states ξ (t) ∈ ℜn and the command governor gain λ > 0.
Since the command is applied on both, the system and the reference model, the error
dynamics (13) do not change. With the error dynamics, it is possible to express the
uncertainty as

(17)
Λ W̃uT un (t) + W̃σT σ (x(t)) = [DT D]−1 DT {[Am − L]ec (t) − ėc (t)}.
Using (17) with the augmented command (14) and (16) in (12), yields
ẋ(t) = Am x(t) + Bm cD (t) + D[DT D]−1 DT {λ ξ (t) − λ ec (t) + ėc (t)}.

(18)

Transforming the command governor equation (15) into the Laplace domain, results
in ξ˙ (s) = λ /(s + λ )ec (s). Application of this, gives


λ
s
ec (s).
− 1 ec (s)) = − s
L {λ ξ (t) − λ ec (t)} = λ (ξ (s) − ec (s)) = λ
+
1
s+λ
λ
(19)
Obviously, limt→∞ λ (ξ (t) − ec (t)) = −ėc . As a consequence, for λ → ∞ the closedloop system (18) becomes ẋ(t) = Am x(t) + Bm cD (t). Conclusively, it can be stated
that for a sufficiently large λ , the closed-loop system, consisting of the uncertain
system (1), subject to the assumptions (2), (3), the closed-loop reference model (4),
the control laws (5), (6), (8) and the command governor, given by (15) and (16),
approximately tracks the desired reference model even in transient time
ẋ(t) ≈ Am x(t) + Bm cD (t).

(20)

In contrast to the standard MRAC stability analysis, the command c(t) cannot be
assumed to be bounded. Therefore, the boundedness of the command c(t) has to
be established by Lyapunov stability analysis. This will be executed along with the
stability analysis presented in section 5.
Remark 3.3. In this section, ideal measurements are assumed. The differentiating character of the command governor, displayed in (19), might amplify highfrequency content in the dynamical system. Consequently, robustness modifications
have to be applied [18], [19]. If the high-frequency content is due to measurement
noise or unmodeled dynamics, the update laws (9) and (10) have to be modified in
order to avoid the phenomena of parameter drift. An example of such a modification
is the σ -modification [8].
Remark 3.4. Since λ = ∞ is not physically possible, an adaptive control law is
necessary to ensure stability. Consequently, there is a trade-off between the command governor gain λ and the adaptive learning rates Γσ and Γu . If the upper bound
of the uncertainty is known, however, the command governor alone can be used [5].
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4 Constraint Enforcement
In the spirit of the command governor, presented above, an additional command is
added to both, the uncertain dynamical system (1) through the control laws (5) and
(6), and the reference model (4). This additional constraint command cc (t) ∈ ℜm is
designed in order to enforce constraints on the dynamical system by reducing the
overall command. Then, the overall command becomes

−1 T
c(t) = cD (t) + Kc−1 DT D
D g(t) + cc (t).

(21)

The overall control structure is displayed in Fig. 1. Obviously, the controller and
the reference model are driven by the overall command assembled in (21).

Fig. 1 Block diagram of overall control structure

The constraint command cc (t) is designed based on a gradient-based minimization of a cost function,
1
J = xT (t)DQDT x(t),
(22)
2
where Q ∈ ℜm×m is a weight matrix. This cost function can be minimized by application of the negative gradient,
ẋlim (t) = −

∂J
= −DQDT x(t).
∂ x(t)

(23)

Here, ẋlim (t) is the additional change of the states due to constraint enforcement.
However, (23) would basically try to enforce the constraint x(t) = 0 and consequently pull back the states x(t) to the origin. Therefore, the constraint enforcement
term should just be active if the states are actually about to violate the constraint.
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Therefore, (23) is modified:
ẋlim (t) = −DQDT µ(t)x(t),

(24)

where µ(t) ∈ ℜn×n is a diagonal, positive semidefinite matrix with scalar entries
µi (t) on the diagonal. In the spirit of constraint enforcement in optimal control
[4], each µi (t) = 0, if its corresponding state xi (t) is within the set Xi,0 , {xi (t) ∈
ℜ, xi,min < xi (t) < xi,max } and µi (t) = ϑi , if xi (t) ∈ Xi,ϑ , {xi (t) ∈ ℜ, xi (t) =
xi,min ∪ xi (t) = xi,max }, where ϑi ∈ ℜ+ is a gain chosen by the designer. As a result, the gradient based method proposed drives the states xi (t) to its origin in order
to try to enforce the constraint µi (t)xi (t) = 0. However, the actual objective here
is not to keep the states at zero, but to keep the states within the set defined by
Xi , Xi,0 ∪ Xi,ϑ = {xi (t) ∈ ℜ, xi,min ≤ xi (t) ≤ xi,max }. This point is elucidated below.
It is obvious that the term (24) is just relevant for µ(t) 6= 0 and therefore, for at
least one xi (t) ∈ Xi,ϑ or xi (t) = xi,lim , where xi,lim represents either xi,min or xi,max
depending on xi (t). For example, for xi,min = −xi,max , the state limits can be determined by xi,lim = xi,max sign(xi (t)). Then, it is sufficient to use the xi,lim instead of
xi (t), and (24) becomes ẋlim (t) = −DQDT µ(t)xlim , which can be included into the
overall command c(t) as
cc (t) = −Kc−1 QDT µ(t)xlim .

(25)

(25) is applied on both, reference model and system. Consequently, the error dynamics (13) do not change. As a result, the command governor of section 3 remains
unchanged, as well. Furthermore, it should be noted that the constraint command
cc (t) is uniformly, ultimately bounded, since µ(t) ≤ ϑ .
Finally, the transition from µi (t) = 0 to µi (t) = ϑi is desired to be continuous.
Therefore, two definitions for µi (t) are proposed as follows. First, consider

0, |xi (t)| ≤ cD,i,max + εi


ϑ
i , |xi (t)| = |xi,lim |
(26)
µi (t) ,
|x
(t)|−(c
+ε
)

i
D,i,max
i
 ϑi
,
c
+
ε
<
|x
(t)|
<
|x
|
D,i,max
i
i
i,lim
|x
|−(cD,i,max +εi )
i,lim

where cD,i,max ∈ ℜ+ represents the norm of either the maximum or minimum command allowed, depending on xi (t) and εi ∈ ℜ+ is a small positive constant that
determines the magnitude of the transition zone. It is obvious that this definition
of µi (t) is just feasible, if the maximum (minimum) command cD,i,max is smaller
(larger) than the state limit xi,lim , which represents Xi,ϑ . However, in real-world
applications, there will be always a margin between the maximum (or, minimum)
command possible and the set Xi,ϑ and therefore, this is a reasonable assumption.
Smooth, uniformly continuous, transition from µi (t) = 0 to µi (t) = ϑi can also
be achieved by
!
xi (t)
µi (t) = ϑi tanh ρi
,
(27)
xi,lim − |xi (t)|
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where ρi ∈ ℜ+ is a small constant. However, except of at the origin xi (t) = 0, the
parameter µi (t) is different from zero and therefore, a steady-state error will occur.
Remark 4.1. If the actual desired reference model ẋm (t) = Am xm (t) + Bm cD (t)
stays within X0 for all times, the command governor already approximately enforces
the constraint since (20) holds. However, the augmentation of the system by cc (t)
gives the possibility to increase the command cD,max to a magnitude that allows an
overshoot of the desired reference model.
Remark 4.2. Due to the structure of (25), just states can be limited that are within
the input range of the input matrix D. For states that are not in the input range of
D, the tangency condition [4] has to hold. That is, all time derivatives of the state
have to be feasible with the constraint at hand. An example of a possible application
of the tangency condition is given in section 6. Furthermore, another workaround is
presented, that can be used in certain cases.
Remark 4.3. For clarity, note that the reference model is bounded due to the
Hurwitz matrix Am and the boundedness of cD (t), cg (t) and cc (t). These variables
can be chosen in a feasible way by the designer. Furthermore, note that the ideal
reference model without modifications is approximately tracked if the constraint
enforcement term is not active.

5 Stability Proof
Theorem 1. Consider the uncertain dynamical system (1) subject to the assumptions (2) and (3), the reference model (4), the control law given by (5), (6) and (8),
as well as the adaptive weight update laws (9) and (10), where the command is
defined by (21). Furthermore, consider the command governor, consisting of (15)
and (16), and the constraint enforcement command, given by (25). Then, the control error ec (t), the command governor states ξ (t) and the weight estimation errors
W̃σ (t) and W̃u (t) of the dynamical closed-loop system are Lyapunov stable for all
(ec,0 , W̃u,0 , W̃σ ,0 , 0) ∈ ℜn × ℜm×m × ℜs×m × ℜn and t > 0. Moreover, limt→∞ ec (t) =
0, limt→∞ ξ (t) = 0, limt→∞ g(t) = 0, and limt→∞ (c(t) − cD (t)) = cc (t). Besides, the
closed-loop uncertain dynamical system approximates
ẋ(t) ≈ Am x(t) + Bm cD (t) + Bm cc (t),

(28)

in transient time. Furthermore, if |x(t)| ≤ cD,max + ε, then µ(t) = 0 and cc (t) = 0.
Consequently, limt→∞ cc (t) = 0 and the desired reference model (20) is approximately tracked in transient time.
Proof. Consider the Lyapunov function candidate V (ec (t), W̃u (t), W̃σ (t), ξ (t))




V (·) = eTc (t)Pec (t) + tr W̃uT (t)Γu−1W̃u (t) + tr W̃σT (t)Γσ−1W̃σ (t) + αξ T (t)ξ (t).
(29)
This term is positive definite outside the equilibrium and radially unbounded. Differentiating along its trajectories (13), (9), (10), and (15), and application of the
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Lyapunov Equation (11), results in
V̇ (·) = −eTc (t)Rec (t) − 2αλ ξ T (t)ξ (t) + 2αλ ξ T (t)ec (t).

(30)

Now, by choosing the matrix R, the command governor gain λ and α > 0 in an
appropriate way, R = R0 + αλ In with R0 ∈ ℜn×n
+ being a positive definite matrix, it
is shown that

V̇ (·) = −eTc (t)R0 ec (t) − αλ 2ξ T (t)ξ (t) − 2ξ T (t)ec (t) + eTc (t)ec (t) .
(31)
With ξ T (t)ξ (t)−2ξ T (t)ec (t) +eTc (t)ec (t) = kξ (t) − ec (t)k22 , it can be followed that
V̇ (·) ≤ −eTc (t)R0 ec (t) − αλ ξ T (t)ξ (t).

(32)

Thus, the system is Lyapunov stable for all (ec,0 , W̃u,0 , W̃σ ,0 , 0) ∈ ℜn × ℜm×m ×
ℜs×m × ℜn and t > 0. Stability implies that the control error ec (t) and the command governor states ξ (t) are bounded and, as a consequence of the stable and
bounded reference model, the states x(t) are also bounded. Therefore, σ (x(t)) and
un (t) are bounded and it follows from (9), (10), and (13) that ėc (t) is bounded, too.
Furthermore, from (15), we know that ξ˙ (t) is bounded as well. Consequently, V̈ (·)
is bounded and therefore, V̇ (·) is uniformly continuous and V (·) is lower bounded
by 0 and strictly non-increasing for all t > 0. Hence, by application of Barbalat’s
Lemma [9], it follows that limt→∞ V̇ (ec (t), W̃u (t), W̃σ (t), ξ (t)) = 0, and as a result, limt→∞ ec (t) = 0, limt→∞ ξ (t) = 0. With (16), it can be directly followed that
limt→∞ g(t) = 0, and, based on (21), limt→∞ (c(t) − cD (t)) = cc (t). Furthermore,
similar to (20), it can be followed that ẋ(t) ≈ Am x(t) + Bm cD (t) + Bm cc (t). From
(25) and (26), we furthermore know that cc (t) = 0 for |x(t)| ≤ cD,max + ε and in this
case, the closed-loop uncertain dynamical system approximates the desired reference model (20) in transient time. This completes the proof.

Remark 5.1. If the definition (27) is used, µ(t) will usually not become zero
due to the definition of the hyperbolic tangent. Consequently, there will be always a
small steady-state error as cc (t) 6= 0.

6 Examples
Consider the nonlinear uncertain system

  
  
ẋ1 (t)
0 1 x1 (t)
0
=
+
Λ (u(t) + ∆ (x(t))),
ẋ2 (t)
0 0 x2 (t)
1

(33)

which represents the wing rock dynamics of an aircraft. x1 (t) is the bank angle
of an aircraft in radians and x2 (t) is the roll rate in radians per second. The uncertainty is given by ∆ (x(t)) = 0.1414x1 (t) + 0.5504x2 (t) − 0.0624|x1 (t)|x2 (t) +
0.0095|x2 (t)|x2 (t) + 0.0215x13 (t) [17] and is derived from the aerodynamic coeffi-

Constrained adaptive control with transient and steady-state performance guarantees

11

cients of an aircraft. In order to show the performance of the overall system, the input
uncertainty is arbitrarily chosen to be Λ = 0.2, which is equivalent to a 80% loss of
control effectiveness. Furthermore, the nominal control consists of Kx = ω 2 2ωζ
and Kc = ω 2 , where ω = 0.4rad/s is the natural frequency of the desired reference
model and ζ = 0.707 is the corresponding damping ratio. The designer parameters
are R = I2 , λ = 25, Γσ = 0.1, Γu = 0.1 and κ = 1. For demonstration purposes doublets of the bank angle are commanded and the limits of the roll rate are reduced. In
order to enforce these constraints, definition (27) with ρ2 = 10−3 is used for µ2 (t)
in cc (t) = −Kc−1 qµ2 (t)x2,lim , where q = 25.

Fig. 2 Wing Rock Dynamics: Performance of constraint enforcement term

In Fig. 3 the limits of the roll rate are continuously reduced from 5◦ /s to 0.3◦ /s.
These limits are arbitrarily set in order to show the performance of the limiting term.
The cyan solid lines represents the desired reference model (denoted as ”mD”),
which is the model we want to track. The actual plant without constraint enforcement is represented by the blue dotted lines and the behavior of the plant subject to
the constraint enforcement is shown by the red dash-dot lines. Obviously, the constrained plant reacts much slower due to the limits, but it is important to note that
the constraints on the roll rate are enforced for the whole time.
As mentioned before, due to the structure of the constraint enforcement command (25) just states within the input range of the input matrix D can be limited.
However, in a problem-dependent way, workarounds are possible. Two examples
are given in this section. First, in spirit of the tangency condition [4], the bank angle
is limited by changing the limits of the roll rate.
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x2,max =



 x2,max,max



2
δ 2 x1,max

x2,max,max , x1 (t) ≤ (1 − δ )x1,max
(x1,max − x1 (t))2 , (1 − δ )x1,max ≤ x1 (t) ≤ x1,max ,
0, x1 (t) ≥ x1,max

(34)

where δ = 0.15 determines the transition zone and x2,max,max = 5◦ /s is the maximum
roll rate allowed. For the lower limit, (34) can be chosen similar, where x2,min,min =
−5◦ /s is the minimum roll rate allowed and x1,max = 25◦ and x1,min = −25◦ are the
limits for the bank angle.
The constraint command is still given by cc (t) = −Kc−1 qµ2 (t)x2,lim with the same
parameters as above and x2,lim = x2,max for x2 (t) ≥ 0 or x2,lim = x2,min for x2 (t) < 0,
respectively.

Fig. 3 Wing Rock Dynamics: Comparison of performance with and without constraint enforcment

Fig. 4 Wing Rock Dynamics:
Detailed view of Fig. 3. Obviously, the constraint on the
roll rate is met by the system,
whereas the system without
constraint enforcement approximately tracks the desired
reference model

Fig. 3 shows the comparison of the system with and without constraint enforcement. Obviously, the desired reference model is approximately tracked in transient
time by application of the command governor. Adding the constraint enforcement
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term, meets arbitrarily chosen constraints on the bank angle. Fig. 4 shows the influence of the constraint enforcement term in more detail.
Furthermore, consider the system

 

  
ẋ1 (t)
a11 1
x1 (t)
0
=
+
Λ (u(t) + ∆ (x(t))),
(35)
ẋ2 (t)
a21 a22 x2 (t)
1
which represents the short-period longitudinal mode of an aircraft. x1 (t) is the angle
of attack of an aircraft in radians and x2 (t) is the pitch rate in radians per second. In this example, taken from [12], the uncertainty
is given
by Λ = 0.5 and


(t)−x̄1 )2
,
where
x̄1 = 2/180π
∆ (x(t)) = 0.4111x1 (t) + 0.8619x2 (t) + 1/2 exp −(x12σ
2
and σ = 0.0233. This set of uncertainties is equivalent to 50% increase in the
static instability, 80% decrease in the pitch damping and a control effectiveness
of 50% [12]. Additionally, the nominal control is given by un (t) = −(2ωζ a11 +
ω 2 + a211 + a21 )x1 (t) − (a11 + a22 + 2ωζ )x2 (t) + ω 2 x1,cmd (t). The parameters are
given by a11 = −1.0189, a21 = −0.8223, a22 = −1.0774, the natural frequency is
ω = 4rad/s at a damping ratio of ζ = 0.6. The adaptive control consists of the
learning rates Γσ = 30 and Γu = 50 along with eleven evenly spaced Gaussian functions of the width σ with the centers placed between 10/180π and −10/180π for
σ (x(t)). The command governor gain is chosen as λ = 30.
The objective of the constraint enforcement is to limit the angle of attack to
|x1 (t)| ≤ 5◦ . The constraint enforcement term (25) is used, where Q reduces to a
scalar and is chosen 1. Furthermore, since the angle of attack is not in the input range
of D, the structure of the parameter matrix is changed to µ(t) = [µ1 (t), 0; µ1 (t), 0; ]
with definition (26). Additionally, x1,lim (t) = 5◦ sign(x1 (t)), x1,cmd,max = 4.8◦ , ε1 = 0
and ϑ1 = 10.
In Fig. 6 the performance of the constraint enforcing term is displayed. Here, the
actual command is 4% less than the constraint that has to be met, which implies an
overshoot of the desired reference model. However, the constraint is still met for all
times. If a higher input is acceptable, even higher commands (over 4.9◦ ) are possible. The combination of command governor and adaption ensures nearly perfect
tracking of the desired reference model in transient time and therefore, no constraint
term is needed if the desired reference model stays within the boundaries (this is the
case for a command of 4.5◦ ). That is, the command governor based adaptive control
scheme presented above is enforcing the constraint by good tracking of a reasonable
chosen reference model. The constraint enforcement term is an additional tool for
keeping the system states within desired boundaries.
Finally, note that the approach proposed here is able to achieve steady-state angle
of attacks of 4.9◦ with the constraints being met for all times. This is a significant
improvement in comparison to the state limiter suggested by [12] (4.3◦ ). In contrast
to this approach, it is furthermore possible to limit systems of higher order without
turning the adaption off.
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Fig. 5 angle of attack command 4.8◦ , comparison with and without constraint enforcement

7 Conclusion
We present a new method in order to enforce state constraints on dynamical systems
in presence of uncertainties. Specifically, we first discuss the command governor
structure [19] and show, that the uncertain dynamical system approximates the desired reference model. Secondly, we motivate the use of a novel augmentation of the
command applied to an closed-loop reference model and the uncertain dynamical
system, and show stability of the control system consisting of command governor,
adaptive control and a constraint enforcement command. We furthermore discuss
the fact that just constraints in the input range of D can be met. Finally, we show
examples that discuss workarounds for this problem in certain cases and illustrate
the compatibility of theory and numerical results. An improvement in comparison
to the limiter term from [12] is shown. Future research will contain application of
the constraint enforcement on an unmanned helicopter.

References
1. B. D.O. Anderson. Failures of adaptive control theory and their resolution. Communications
in Information & Systems, 5(1):1–20, 2005.
2. B. D.O. Anderson and A. Dehghani. Challenges of adaptive controlpast, permanent and future.
Annual Reviews in Control, 32(2):123–135, December 2008.
3. D. Angeli, E. Mosca, and A. Casavola. Robust command governors for constrained linear
systems. IEEE Transactions on Automatic Control, 45(11):2071–2077, November 2000.
4. A. E. Bryson and Y.-C. Ho. Applied optimal control. Hemisphere, 1975.
5. G. De La Torre, T. Yucelen, and E. N. Johnson. A new model reference control architecture for
uncertain dynamical systems. Guidance, Navigation, and Control Conference, Minneapolis,
MN, 2012.

Constrained adaptive control with transient and steady-state performance guarantees

15

6. E. G. Gilbert and I. Kolmanovsky. Fast reference governors for systems with state and control
constraints and disturbance inputs. International Journal of Robust and Nonlinear Control,
9:1117–1141, 1999.
7. N. Hovakimyan and C. Cao. L1 adaptive control theory : Guaranteed robustness with fast
adaptation. Society for Industrial and Applied Mathematics, Philadelphia, 2010.
8. P.A. Ioannou and P.V. Kokotovic. Instability analysis and improvement of robustness of adaptive control. Automatica, 20(5):583–594, September 1984.
9. H. K Khalil. Nonlinear systems. Prentice Hall, Upper Saddle River, N.J., 2002.
10. E. Lavretsky. Reference dynamics modification in adaptive controllers for improved transient
performance. Guidance, Navigation, and Control Conference, Portland, OR, 2011.
11. E. Lavretsky. Adaptive output feedback design using asymptotic properties of LQG/LTR
controllers. IEEE Transactions on Automatic Control, 57(6):1587–1591, June 2012.
12. E. Lavretsky and R. Gadient. Robust adaptive design for aerial vehicles with state-limiting
constraints. Journal of Guidance, Control, and Dynamics, 33(6):1743–1752, November 2010.
13. F. L. Lewis. Nonlinear network structures for feedback control. Asian Journal of Control,
1(4):205–228, 1999.
14. K. S. Narendra and A. M. Annaswamy. Stable adaptive systems. Dover Publications, Mineola,
N.Y., 2005.
15. J.-B. Pomet and L. Praly. Adaptive nonlinear regulation: estimation from the lyapunov equation. IEEE Transactions on Automatic Control, 37(6):729–740, June 1992.
16. T. Yucelen and W. M. Haddad. A robust adaptive control architecture for disturbance rejection and uncertainty suppression with loo transient and steady-state performance guarantees.
International Journal of Adaptive Control and Signal Processing, 20(11):1024–1055, 2012.
17. T. Yucelen and E. N. Johnson. Command governor-based adaptive control. Guidance, Navigation, and Control Conference, Minneapolis, MN, 2012.
18. T. Yucelen and E. N. Johnson. Design and analysis of a novel command governor architecture
for shaping the transient response of nonlinear uncertain dynamical systems. IEEE Conference
on Decision and Control, Maui, HI, 2012.
19. T. Yucelen and E. N. Johnson. A new command governor architecture for transient response
shaping. International Journal of Adaptive Control and Signal Processing, to appear.

