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Abstract— In this paper, a new adaptive control architecture
for nonlinear uncertain dynamical systems is developed to
address the problem of high-gain adaptive control. Specifically,
the proposed framework involves a new and novel controller
architecture involving a modification term in the update law
that minimizes an error criterion involving the distance between
the weighted regressor vector and the weighted system error
states. This modification term allows for fast adaptation without
hindering system robustness. In particular, we show that the
governing tracking closed-loop system error equation approximates a Hurwitz linear time-invariant dynamical system with
L∞ input-output signals. This key feature of our framework
allows for robust stability analysis of the proposed adaptive
control law using L1 system theory. We further show that by
properly choosing the design parameters in the modification
term we can guarantee a desired bandwidth of the adaptive
controller, guaranteed transient closed-loop performance, and
an a priori characterization of the size of the ultimate bound
of the closed-loop system trajectories.

I. I NTRODUCTION
One of the fundamental problems in feedback control
design is the ability of the control system to guarantee robust
stability and robust performance with respect to system
uncertainties in the design model. To this end, adaptive
control along with robust control theory have been developed
to address the problem of system uncertainty in controlsystem design. The fundamental differences between adaptive control design and robust control design can be traced to
the modeling and treatment of system uncertainties as well
as the controller architecture structures.
In particular, adaptive control is based on constant linearly parameterized system uncertainty models of a known
structure but unknown variation, whereas robust control is
predicated on structured and/or unstructured linear or nonlinear (possibly time-varying) operator uncertainty models
consisting of bounded variation. Hence, for systems with
constant real parametric uncertainties with large unknown
variations, adaptive control is clearly appropriate, whereas
for systems with time-varying parametric uncertainties and
nonparametric uncertainties with norm bounded variations,
robust control may be more suitable.
In contrast to fixed-gain robust controllers, which are predicated on a mathematical model of the system uncertainty,
and which maintain specified constants within the feedback
control law to sustain robust stability and performance over
the range of system uncertainty, adaptive controllers directly
or indirectly adjust feedback gains to maintain closed-loop
stability and improve performance in the face of system
uncertainties. Specifically, indirect adaptive controllers utilize parameter update laws to identify unknown system
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parameters and adjust feedback gains to account for system variation, whereas direct adaptive controllers directly
adjust the controller gains in response to plant variation. In
either case, the overall process of parameter identification
and controller adjustment constitutes a nonlinear control
law architecture, which makes validation and verification
of guaranteed transient performance of adaptive controllers
extremely challenging [1].
Although adaptive control has been used in numerous
applications to achieve system performance without excessive reliance on system models, the necessity of high-gain
feedback for achieving fast adaptation can be a serious
limitation of adaptive controllers [2]. Specifically, in certain
applications fast adaptation is required to achieve stringent
tracking performance specifications in the face of large
system uncertainties and abrupt changes in system dynamics.
This, for example, is the case for high performance aircraft
systems that can be subjected to system faults or structural
damage, which can result in major changes in aerodynamic
system parameters. In such situations, high-gain adaptive
control is necessary in order to rapidly reduce and maintain system tracking errors. However, fast adaptation using
high-gain feedback can result in high-frequency oscillations,
which can excite unmodeled system dynamics resulting in
system instability [2]. Hence, there exists a critical trade-off
between system stability and control adaptation rate.
Virtually, all adaptive control methods developed in the
literature have averted the problem of high-gain control.
Notable exceptions include [3]–[5]. Specifically, the authors
in [3] use a low-pass filter that effectively subverts high frequency oscillations that can occur because of fast adaptation
while using a predictor model to reconstruct the reference
system model. In particular, the authors in [3] develop a
robust adaptive control architecture that provides sufficient
conditions for stability and performance in terms of L1 norms of the underlying system transfer functions despite
fast adaptation, leading to uniform bounds on the L∞ norms of the system input-output signals. In [4], an indirect
adaptive control architecture is developed using a leastsquares parameter estimation scheme to adjust the nominal
controller parameters, thereby reducing system modeling
errors and effectively utilizing a direct adaptive control law
with a slower learning rate. More recently, the authors in [5]
present a model reference adaptive control architecture for
fast adaptation predicated on an optimal control problem. In
particular, a fast adaptation algorithm is developed using the
minimization of the system tracking error to derive a direct
adaptive control law.
In this paper, a new adaptive control architecture for nonlinear uncertain dynamical systems is developed to address
the problem of high-gain adaptive control. Specifically, the
proposed framework involves a new and novel controller
architecture involving a modification term in the update
law that minimizes an error criterion involving the distance
between the weighted regressor vector and the weighted
system error states. This modification term allows for fast
adaptation without hindering system robustness. In particular,
we show that the governing tracking closed-loop system
error equation approximates a Hurwitz linear time-invariant
dynamical system with L∞ input-output signals. This key

feature of our framework allows for robust stability analysis
of the proposed adaptive control law using L1 system theory.
We further show that by properly choosing the design parameters in the modification term we can guarantee a desired
bandwidth of the adaptive controller, guaranteed transient
closed-loop performance, and an a priori characterization of
the size of the ultimate bound of the closed-loop system
trajectories.
II. N OTATION AND M ATHEMATICAL P RELIMINARIES
The notation used in this paper is fairly standard. Specifically, R denotes the set of real numbers, Z+ denotes the
set of nonnegative integers, Rn denotes the set of n × 1
real column vectors, Rn×m denotes the set of n × m real
matrices, (·)T denotes transpose, (·)−1 denotes inverse, (·)+
denotes the Moore-Penrose generalized inverse, k·k2 denotes
the Euclidian norm, and k · kF denotes the Frobenius matrix
norm. Furthermore, we write λmin (M ) (resp., λmax (M )) for
the minimum (resp., maximum) eigenvalue of the Hermitian
matrix M , σmin (M ) (resp., σmax (M )) for the minimum
(resp., maximum) singular value of the Hermitian matrix M ,
spec(·) for the spectrum of a square matrix, tr(·) for the trace
operator, vec(·) for the column stacking operator, and (·)0 for
the Fréchet derivative.
Next, we introduce several definitions and some key results
that are necessary for developing the main results of this
paper.
Definition 2.1: Let A ∈ Rn×m and define AL ,
(AT A)+ AT . Then, PA , AAL = A(AT A)+ AT is a
projection matrix and PA⊥ = I − PA is a complementary
projection matrix.
Note that PA is symmetric and nonnegative define.
Nonnegative-definiteness follows from noting that η T PA η =
η T A(AT A)+ AT η = η̃ T (AT A)+ η̃ ≥ 0, where η ∈ Rn and
η̃ , AT η, and by using (xxxi) of Proposition 6.1.6 of [6].
Furthermore, note that PA A = A and PA⊥ A = 0.
Definition 2.2: Let φ : Rn → R be a continuously differ(ε +1)θ T θ−θ 2
entiable convex function given by φ(θ) , θ εθ θ2 max ,
max
where θmax ∈ R is a projection norm bound imposed on
θ ∈ Rn and εθ > 0 is a projection tolerance bound. Then,
the projection operator Proj : Rn × Rn → Rn is defined by

y, if φ(θ) < 0,


 y, if φ(θ) ≥ 0 and φ0 (θ)y ≤ 0,
0T
Proj(θ, y) ,
(θ)φ0 (θ)y

y − φφ0 (θ)φ
0 T (θ) φ(θ),


if φ(θ) ≥ 0 and φ0 (θ)y > 0,

(1)

where y ∈ Rn .
It follows from Definition 2.2 that
(θ − θ∗ )T (Proj(θ, y) − y) ≤ 0,

θ ∗ ∈ Rn ,

(2)

holds [7]. The definition of the projection operator
can be generalized to matrices as Projm (Θ, Y ) =

Proj(col1 (Θ), col1 (Y )), . . . , Proj(colm (Θ), colm (Y )) ,
where Θ ∈ Rn×m , Y ∈ Rn×m , and coli (·) denotes i-th
column operator. In this case,
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holds. Throughout the paper, we assume that the projection
norm bound imposed on each column of Θ ∈ Rn×m is θmax .
The following lemma presents Young’s inequality [6].
Lemma 2.1: Let x ∈ Rn and y ∈ Rn , and let σ > 0.
1 T
Then, xT y ≤ σxT x + 4σ
y y.
Lemma 2.2 ([6]): Let A ∈ Rn×n and B ∈ Rn×n be such
that A and A + B are nonsingular. Then, (A + B)−1 =

Pk

A−1 (−BA−1 )i + A−1 (−BA−1 )k+1 (I + BA−1 )−1 ,
for all k ∈ Z+ .
Lemma 2.3 ([8]): Let X ∈ Rn×n and Y ∈ Rn×n be
symmetric matrices such that X > 0 and Y < 0. Then,
XY is Hurwitz.
Lemma 2.4 ([8]): Let A ∈ Rn×n be Hurwitz and let
P ∈ Rn×n be the unique, positive-definite solution to the
Lyapunov equation 0 = AT P + P A + R for a given
positive-definite R ∈ Rn×n . Then, for a given symmetric,
nonnegative definite K ∈ Rn×n , A − KP is Hurwitz.
Next, consider the linear dynamical system given by
i=0

ẋ(t) = Ax(t) + Bw(t),
z(t) = Cx(t),

x(0) = x0 ,

t ≥ 0, (3)
(4)

where x(t) ∈ Rn , w(t) ∈ Rm , z(t) ∈ Rl , t ≥ 0, A ∈ Rn×n
is Hurwitz, B ∈ Rn×m , and C ∈ Rl×n . Here, w(·) is an
input signal belonging to the class L∞ of bounded Lebesgue
measurable functions on [0, ∞) and z(·) is an output signal
belonging to the class L∞ . For the statement of the next
definition, ||| · |||p,q denotes a signal norm with p temporal
norm and q spatial norm.
Definition 2.3: Consider the linear dynamical system (3)
and (4) with w(·) ∈ L∞ and z(·) ∈ L∞ . Then the L1 system
norm of (3) and (4) is given by the equi-induced signal norm
|||z|||
, where G : L∞ → L∞
|||G|||(∞,2),(∞,2) , supw(·)∈L∞ |||w|||∞,2
∞,2
denotes the convolution operatorR of (3) and (4) given by
∞
z(t) = G[w](t) = (G ∗ w)(t) , 0 G(t − τ )w(τ )dτ, where
G(t) , CeAt B, t ≥ 0.
For α > 0, define the shifted impulse response function
α
Gα : R → Rl×m by Gα (t) , Ce(A+ 2 In )t B, t ≥ 0,
and let Gα denote its convolution
R ∞ operator given by z(t) =
Gα [w](t) = (Gα ∗ w)(t) , 0 Gα (t − τ )w(τ )dτ. Next, we
provide a computable upper bound for the L1 system norm
|||G|||(∞,2),(∞,2) .
Theorem 2.1 ([9]): Let α > 0 be such that A + α2 I is
Hurwitz and let Qα ∈ Rn×n be the unique, nonnegative
definite solution to the Lyapunov equation 0 = AQα +
Qα AT + αQα + BB T . Then, G : L∞ → L∞ and
1/2
|||G|||(∞,2),(∞,2) ≤ √1α σmax (CQα C T ).
III. ROBUST A DAPTIVE C ONTROL A RCHITECTURE
In this section, we introduce a new adaptive control
architecture to address the problem of high-gain adaptive
control. We first consider system uncertainty that is perfectly
parameterized for all x ∈ Rn . Then, we consider uncertainty
characterizations approximated over a compact subset Dx
of Rn for the case when the system uncertainty cannot be
perfectly parameterized and/or the system includes bounded
exogenous disturbances.
Consider the nonlinear uncertain dynamical system given
by
ẋ(t)=Ax(t) + B∆(x(t)) + Bu(t), x(0) = x0 , t ≥ 0, (5)
where x(t) ∈ Rn , t ≥ 0, is the state vector, u(t) ∈ Rm ,
t ≥ 0, is the control input, A ∈ Rn×n and B ∈ Rn×m are
known matrices such that the pair (A, B) is controllable, and
∆ : Rn → Rm is a matched system uncertainty. Furthermore,
we assume that the full state is available for feedback and
the control input u(·) is restricted to the class of admissible
controls consisting of measurable functions such that u(t) ∈
Rm , t ≥ 0. In addition, consider the reference system given
by
ẋm (t) = Am xm (t) + B m r(t), xm (0) = x0 , t ≥ 0,
n

(6)

where xm (t) ∈ R , t ≥ 0, is the reference state vector,

r(t) ∈ Rr , t ≥ 0, is a bounded piecewise continuous
reference input, Am ∈ Rn×n is Hurwitz, and B m ∈ Rn×r .
Assumption 3.1: The matched uncertainty in (5) is perfectly parameterized as
∆(x)

= W T β(x),

x ∈ Rn ,

(7)

s×m

where W ∈ R
is an unknown constant weighting
matrix satisfying kW kF ≤ w, w ∈ R is a known positive
constant, and β : Rn → Rs is a basis function of the form
β(x) = [β1 (x), β2 (x), . . . , βs (x)] satisfying kβ(x)k2 ≤
lβ0 + lβ1 kxk2 , where lβ0 ∈ R and lβ1 ∈ R are positive
constants.
Remark 3.1: In general, application of standard adaptive
controllers to nonlinear uncertain dynamical systems does
not assume the knowledge of an upper bound w of the
unknown constant weighting matrix W . That is, standard
adaptive controllers can conceptually deal with uncertainties
having (unrealistically) large magnitudes of W for the case
where the uncertainty is perfectly parameterized. However,
these controllers do not have any robustness properties,
especially when the adaptation gain is chosen to be large
to satisfy given performance specifications [1]. This is due
to the fact that high-gain adaptive controllers involve highbandwidths that can result in high-frequency oscillations
in the closed-loop system response and excite unmodeled
dynamics resulting in system instability [10]. In contrast, the
design of robust adaptive controllers with large adaptation
gains requires the knowledge of a conservative upper bound
w of the unknown constant weight W (see, for example, [3]).
Remark 3.2: In Assumption 3.1, we assume that
kβ(x)k2 ≤ lβ0 + lβ1 kxk2 for all x ∈ Rn , which only
addresses a special class of uncertainties involving a
linear growth bound. Later in this section, this assumption
is relaxed by addressing uncertainty parameterizations
approximated over a compact set Dx of Rn , similar to what
is often done in the neural network literature [11]. In this
case, we address a larger class of system uncertainties.
Next, consider the feedback control law given by
u(t) = un (t) + uad (t), t ≥ 0,
(8)
where the nominal control law un (t), t ≥ 0, is given by
un (t) = −K1 x(t) + K2 r(t), t ≥ 0,
(9)
and the adaptive control law uad (t), t ≥ 0, is given by
uad (t) = −Ŵ T (t)β(x(t)), t ≥ 0,
(10)
where K1 ∈ Rm×n and K2 ∈ Rm×r are nominal control
gains, and Ŵ (t) ∈ Rs×m , t ≥ 0, is an estimate of W
satisfying
h
˙
Ŵ (t) = ΓProjm Ŵ (t), β(x(t))eT (t)P B + γΨ β(x(t)),
i
Ŵ (t) , Ŵ (0) = Ŵ0 , t ≥ 0, (11)
where Γ ∈ Rs×s is a positive-definite adaptation gain matrix,
e(t) , x(t) − xm (t), t ≥ 0, is the system error state, P ∈
Rn×n is a positive-definite solution of the Lyapunov equation
0

= AT
m P + P Am + R,

(12)

where R ∈ Rn×n is a positive-definite matrix, γ > 0 is a
scalar adaptation gain, Ψ : Rs × Rs×m → Rs×m is given by

Ψ β(x(t)), Ŵ (t) , −β(x(t))β T (x(t))Ŵ (t)B T

−T
· γAm P −1 + M
B, t ≥ 0, (13)
n×n
where M
such
 ∈ R −1 is a positive-definite

 matrix−1chosen−1
T
that det γAm P + M 6= 0 and B γAm P + M
B

is positive-definite, and ŵmax ∈ R is a norm bound imposed
on the update weight Ŵ (t), t ≥ 0.
For the nominal control law (9) we have the following assumption involving standard matching conditions for model
reference adaptive control.
Assumption 3.2: There exist gain matrices K1 ∈ Rm×n
and K2 ∈ Rm×r such that Am = A−BK1 and Bm = BK2 .
Remark 3.3: For system uncertainty suppression, a standard adaptive controller has the form given by ([3])
h
i
˙
Ŵ (t) = ΓProjm Ŵ (t), β(x(t))eT (t)P B , Ŵ (0) = Ŵ0 ,
t ≥ 0. (14)
The proposed weight update law given by (11) can be
viewed as a generalization of the optimal control modification approach to the adaptive controller proposed in
[5]. Specifically, if M = Am P −1 − γP −1 AT
m , then (11)
specializes to the weight update law given in [5]. However,
in this case, M need not be positive definite. As we see in
the next sections, by properly choosing M we can guarantee
a desired bandwidth of the adaptive controller, guaranteed
transient closed-loop performance, and we can guarantee
the size of the ultimate bound of the closed-loop system
trajectories.
IV. S TABILITY A NALYSIS
The nonlinear uncertain dynamical system (5) can be
written as
ẋ(t) = Am x(t) + Bm r(t) − B W̃ T (t)β(x(t)), x(0) = x0 ,
t ≥ 0, (15)
where W̃ (t) , Ŵ (t) − W, t ≥ 0, with the system error and
weight update error dynamics given by, respectively,
ė(t) = Am e(t) − B W̃ T (t)β(x(t)), e(0) = 0, t ≥ 0, (16)
˙
˙ (t) = Ŵ
W̃
(t), W̃ (0) = W̃0 , t ≥ 0.
(17)
We note here that since the weight update law for Ŵ (t),
t ≥ 0, is predicated on the projection operator and W is a
constant matrix, there exists a norm bound w̃max such that
kW̃ (t)kF ≤ w̃max , t ≥ 0.
Theorem 4.1 ([8]): Consider the nonlinear uncertain dynamical system given by (5) with reference system given
by (6), and assume that Assumptions 3.1 and 3.2 hold.
Furthermore, let the adaptive control law be given by (10)
with weight update law given by (11). Then, the closed-loop
error signals given by (16) and (17) are uniformly bounded
for all (e(0), W̃ (0)) ∈ Dα , where Dα is a compact positively
invariant set, with ultimate bound ke(t)k2 < ε, t ≥ T , where
h
i 21
2
,
(18)
ε , λmax (P )ϑ2 + λmax (Γ−1 )w̃max
1
h c2
i
c3 2 c2
2
ϑ ,
+
+
,
(19)
2
4c1
c1
2c1
1

2
c1 , λmin (R) − 21 γkS 2 k2F w2 lβ1
> 0, c2 ,
1
1
1
2 2¯
2 2 2
2
2
γkS kF w lβ0 lβ1 , c3
,
S
,
2 γkS kF w lβ0 ,

−T
T
−1
∗
¯
B γAm P
+ M
B, lβ0 , lβ0 + lβ1 xm , and
kxm (t)k ≤ x∗m , t ≥ 0. In addition, for t ∈ [0, T ), the system
error and weight update error dynamics
satisfy i 1
h
2
ke(t)k2 ≤ kW̃ (0)kF kΓ−1 kF /λmin (P ) , (20)
h
i 12
kW̃ (t)kF ≤ kW̃ (0)kF kΓ−1 kF /λmin (Γ−1 ) . (21)

Remark 4.1: In Theorem 4.1 we assume that λmin (R) −
> 0. Since a conservative upper bound w of

1
1
2 2
2 2
2 γkS kF w lβ1

the unknown constant weight W is known, this can be easily
satisfied by judiciously choosing the design parameters. As
noted in Remark 3.1, similar conditions are required to be
satisfied in the design process for guaranteeing a robust
adaptive controller design (see, for example, [3]).
Remark 4.2: Theorem 4.1 shows that over a transient
finite-time T the closed-loop error signals (16) and (17)
are bounded from above by (20) and (21), respectively.
This implies along with uniform ultimate boundedness of
the closed-loop error signals (16) and (17) that e(·) ∈
L∞ and vec W̃ (·) ∈ L∞ , and hence, x(·) ∈ L∞ and
u(·) ∈ L∞ . Furthermore, note that e(t), t ∈ [0, T ), can
be made sufficiently small (satisfying ϑ̄ in (19)) by letting
λmin (Γ) → ∞.

Remark 4.3: Let M = mI in (13). Since γ γAm P −1 +
−1 
−1
mI
= Am P −1 + γ −1 mI
, it follows from
 Lemma
2.2, with A , γ −1 mI and B , Am P −1 , that Am P −1 +
−1
γ −1 mI
= 0 as
 γ → 0 or m → ∞. That is,
γΨ β(x(t)), Ŵ (t) = 0 as γ → 0 or m → ∞. In this case,
we obtain the standard adaptive controller given by (14).
Furthermore, it follows from (19) that ϑ = 0, that is, we
recover asymptotic stability of the system error dynamics.
However, γ → 0 or m → ∞ (resp., λmin (M ) → ∞)
are not desirable design choices since they might lead to
a high bandwidth adaptive controller that can result in highfrequency oscillations in the closed-loop system response and
excite unmodeled dynamics resulting in system instability.
This is discussed later below.
Next, we relax Assumption 3.1 to the case where
kβ(x)k2 ≤ lβ0 + lβ1 kxk2 does not hold for all x ∈ Rn
and the system uncertainty ∆(x) cannot be perfectly parameterized.
Assumption 4.1: The matched uncertainty in (5) is linearly parameterized as
∆(x) = W T β(x) + η(x), x ∈ Dx ,
(22)
where W ∈ Rs×m is an unknown constant weighting
matrix satisfying kW kF ≤ w, w ∈ R is a known positive
constant, β : Dx → Rs is a basis function of the form
β(x) = [β1 (x), β2 (x), . . . , βs (x)] satisfying kβ(x)k2 ≤
lβ0 + lβ1 kxk2 , x ∈ Dx , where lβ0 ∈ R and lβ1 ∈ R are
positive constants, η : Dx → Rm is the system modeling
error satisfying kη(x)k2 ≤ ηmax , ηmax > 0, and Dx is a
compact subset of Rn .
Remark 4.4: Note that Assumption 4.1 does not assume
boundedness of the basis function β(x), x ∈ Dx , as is
standard in the neuroadaptive control literature [11]. Furthermore, in this case, a basis function constructed using neural
networks is not the only choice for β(x) since the boundedness assumption on β(x), x ∈ Dx , that is, kβ(x)k2 ≤ lβ0 ,
x ∈ Dx , is relaxed to kβ(x)k2 ≤ lβ0 + lβ1 kxk2 , x ∈ Dx .
Using the uncertainty parametrization given by (22), the
system error dynamics are now given by
ė(t) = Am e(t) − B W̃ T (t)β(x(t)) + Bη(x(t)), e(0) = 0,
t ≥ 0, (23)
where W̃ (t), t ≥ 0, is given by (17).
Theorem 4.2 ([8]): Consider the nonlinear uncertain dynamical system given by (5) with reference system given
by (6), and assume that Assumptions 3.2 and 4.1 hold.
Furthermore, let the adaptive control law be given by (10)
with weight update law given by (11). Then, the closed-loop
error signals given by (23) and (17) are uniformly bounded
for all (e(0), W̃ (0)) ∈ Dα , where Dα is a compact positively
invariant set, with ultimate bound ke(t)k2 < ε̄, t ≥ T , where

ε̄
ϑ̄

h

2
λmax (P )ϑ̄2 + λmax (Γ−1 )w̃max
h c̄2
c3 i 12 c̄2
2
+
,
,
+
4c21
c1
2c1

,

i 12

,

(24)
(25)

1

2
c1 , λmin (R) − 21 γkS 2 k2F w2 lβ1
> 0, c̄2 ,
1
1
2 2¯
2
2
γkS kF w lβ0 lβ1 + 2kP BkF ηmax , c3 , 12 γkS 2 k2F w2 lβ0
,


−T
T
∗
−1
S , B γAm P
B, ¯lβ0 , lβ0 + lβ1 xm , and
+M
kxm (t)k ≤ x∗m , t ≥ 0. In addition, the system error and
weight update error dynamics satisfy the bounds (20) and
(21), respectively.

V. T RANSIENT AND S TEADY-S TATE P ERFORMANCE
G UARANTEES
In this section, we show that the governing tracking
closed-loop system error equation approximates a Hurwitz
linear time-invariant dynamical system with L∞ input-output
signals. This allows us to derive uniform transient and
steady-state performance bounds in terms of L1 -norms of
the closed-loop system error dynamics that are independent
of the system adaptation rate. The following lemma is key
in developing the results of this section.
Lemma 5.1 ([8]): Consider the weight update law given
by (11). If M = −γAm P −1 + mI, m > 0, then
h
T
B Ŵ T (t)β(x(t)) = γ −1 mPB P e(t) − γ −1 mB L β L (x(t))

iT
˙
· Γ−1 Ŵ (t) − κ(t)
, t ≥ 0, (26)
where PB , B(B T B)+ B T, B L , (B T B)+ B T ,
+
β L (x(t)) , β T (x(t))β(x(t)) β(x(t))T , and κ(t) ∈
Rs×m , t ≥ 0, is a residual error signal.
Remark 5.1: The residual error κ(t) ∈ Rs×m , t ≥ 0, in
(26) satisfies kκ(t)kF ≤ κmax , t ≥ 0, since all the signals
in (26) are bounded by Theorem 4.1 (resp., Theorem 4.2).
Furthermore, κ(t), t ≥ 0, is identically zero when Ŵij (t) ∈
(−ŵmax , ŵmax ), for all i = 1, 2, . . . , s and j = 1, 2, . . . , m,
where ŵmax is the projection bound of Ŵ (t), t ≥ 0. Hence,
by choosing a conservative projection bound ŵmax , κ(t) = 0
for all t ≥ 0.
Proposition 5.1 ([8]): Consider the system error dynamics given by (16) (resp., (23)) and let M = −γAm P −1 +
mI, m > 0. Furthermore, assume Assumption 3.1 (resp.,
Assumption 4.1) holds. Then, the system error dynamics (16)
(resp., (23)) can be characterized by the linear, time-invariant
system Ge,w given by
ė(t) = Ãe(t) + B̃w(t), e(0) = e0 , t ≥ 0, (27)
z(t) = C̃e(t),
(28)
where Ã
,
Am − γ −1 mPB P is h Hurwitz,
B̃ , B, C̃ , I, w(t) , γ −1 m(B T B)+ β L (x(t))


iT
˙
· Γ−1 Ŵ (t) − κ(t)
+W T β(x(t))
resp., w(t) ,
h

iT
˙
γ −1 m(B T B)+ β L (x(t)) Γ−1 Ŵ (t)−κ(t)
+W T β(x(t))

+η(x(t)) , and w(·) ∈ L∞ .
Note that (27) and (28) characterizes the closed-loop linear
time-invariant dynamical system. Since w(·) ∈ L∞ and Ã
is Hurwitz, it follows that z(·) ∈ L∞ . Hence, the following
theorem is immediate.
Theorem 5.1 ([8]): Consider the linear, time-invariant
system Ge,w given by (27) and (28). Let α > 0 be such
that Ã + α2 I is Hurwitz and let Qα ∈ Rn×n be the unique,

nonnegative definite solution to the Lyapunov equation 0 =
ÃQα + Qα ÃT + αQα + B̃ B̃ T . Then, Ge,w : L∞ → L∞ and
1/2
|||Ge,d |||(∞,2),(∞,2) ≤ √1α σmax (Qα ).
The following proposition discusses the special case when
λmin (Γ) → ∞ and Ŵij (t) ∈ (−ŵmax , ŵmax ) for all i =
1, 2, . . . , s and j = 1, 2, . . . , m, where ŵmax is the projection
bound of Ŵ (t), t ≥ 0. In this case, ∆(x(t)), t ≥ 0, in (7)
(resp., in (22)) is directly related to z(t), t ≥ 0, in (28),
through Ge,w .
Proposition 5.2 ([8]): Consider
the
system
error
dynamics given by (16) and let M = −γAm P −1 + mI,
m > 0, and Γ = ξΓξ , ξ > 0, Γξ > 0. Furthermore,
assume Assumption 3.1 (resp. Assumption 4.1)
˙
holds and Ŵ (t), t ≥ 0, is bounded as ξ → ∞.
If ξ → ∞, then the system error dynamics (16)
(resp. (23)) can be characterized by the linear, timeinvariant system Ge,w given by (27) and (28), where
Ã , Am − γ −1 mPB P is Hurwitz, B̃ , B, C̃ , I, w(t)
 ,
 L
T
−1
T
+
T
γ m(B B) −β (x(t))κ(t) +W β(x(t))
resp.,
 L
T
−1
T
+
T
w(t) , γ m(B B) −β (x(t))κ(t) +W β(x(t)) +
η(x(t)) , and w(·) ∈ L∞ . If, in addition, Ŵij (t) ∈
(−ŵmax , ŵmax ), for all i = 1, 2, . . . , s and j = 1, 2, . . . , m,
where ŵmax is the projection bound of Ŵ (t), t ≥ 0, then
w(t) , ∆(x(t)), where ∆(x(t)), t ≥ 0, is given by (7)
(resp., (22)), and w(·) ∈ L∞ .
Remark 5.2: Proposition 5.2 characterizes a closed-loop
linear time-invariant dynamical system from the system input
∆(x(t)), t ≥ 0, given by (7) (resp., (22)), to the system
output e(t), t ≥ 0. Note that for both results, we assume the
time derivative of Ŵ (t), t ≥ 0, remains bounded as ξ → ∞.
This assumption is not restrictive since the modification term
given by (13) can be viewed as a variable and weighted
damping term due to its sign definiteness and dependence
on Ŵ (t), t ≥ 0, and hence, it limits the frequency content
of the weight update law given by (11) resulting in a bounded
time derivative of Ŵ (t), t ≥ 0. This observation holds even
in the face of infinitely large adaptation gains.
Remark 5.3: By choosing a conservative projection norm
bound ŵmax (see Remark 5.1) and letting λmin (Γ) → ∞, the
closed-loop linear time-invariant dynamical system given by
(27) and (28) characterizes a mapping when ∆(x(t)), t ≥ 0,
given by (7) (resp., (22)) is viewed as a system input and
e(t), t ≥ 0, is viewed as a system output. Hence, closedloop system properties such as system bandwidth, transient
system performance, and L1 system norm of Ge,w (Theorem
5.1) can be analyzed using (27) and (28).
As noted in Remark 4.3, γ → 0 or m → ∞ (resp.,
λmin (M ) → ∞) are not always desirable design choices.
This is because in this case Ge,w has infinitely fast decaying
poles in the left-half plane, and hence, Ge,w behaves like
a high-bandwidth filter, which can be very sensitive to
variations in w(t) causing high-frequency oscillations in the
system response. Hence, by varying the parameters γ and
M we can a guarantee a prescribed closed-loop system
bandwidth.
VI. C ONNECTIONS TO G RADIENT M INIMIZATION
Finally, we show that the proposed modification term
(13) in the adaptive update law (11) can be derived from a
minimization problem involving an error criterion capturing
the distance between the weighted regressor vector and the
weighted error states. Specifically, consider the cost function
given by J (e, Ŵ ) = 21 kP e − B Ŵ T β(x)k22 and note that the
gradient of J (e, Ŵ ) with respect to Ŵ is given by

∂J (e(t), Ŵ (t))
∂ Ŵ (t)

= −β(x(t))eT (t)P B + β(x(t))β T (x(t))
·Ŵ (t)B T B,

t ≥ 0.

(29)

Now, constructing the weight update law to be the negative
gradient of J (e, Ŵ ), we obtain
∂J (e(t), Ŵ (t))
˙
Ŵ (t) = −Γ
, Ŵ (0) = Ŵ0 , t ≥ 0, (30)
∂ Ŵ (t)
where Γ > 0. Hence, choosing Γ sufficiently large it follows
that J (e, Ŵ ) is minimized. If M = −γAm P −1 + I, then
(11) specializes to (30). If, in addition, M = −γAm P −1 + I
is positive definite, then (11) can be viewed as a gradient optimization based weight update law that minimizes J (e, Ŵ ).
VII. D ISTURBANCE R EJECTION P ROBLEM
The results of this paper can be easily applied to the
disturbance rejection problem. To see this, replace ∆(x(t))
in (5) with d(t) ∈ Rm , t ≥ 0, where d(t) is an unknown disturbance satisfying kd(t)k2 ≤ dmax , t ≥ 0,
˙
˙
and kd(t)k
2 ≤ dmax , t ≥ 0. In this case, the adaptive
ˆ
control law in (10) becomes uad (t) = −d(t),
t ≥ 0,
ˆ ∈ Rm , t ≥ 0, is an estimate of d(t), t ≥ 0,
where d(t)
h

ˆ˙ = ΓProj d(t),
ˆ
satisfying d(t)
B T P e(t) − γB T γAm P −1 +
i
−1
ˆ , d(0)
ˆ
M
B d(t)
= dˆ0 , t ≥ 0, with M ∈ Rn×n being

a positive-definite matrix chosen such that det γAm P −1 +


−1
M 6= 0 and B T γAm P −1 + M
B is positive definite,
and dˆmax ∈ R being a norm bound imposed on the update
ˆ
weight d(t),
t ≥ 0. An identical result to Theorem 4.1
can now be established by considering the Lyapunov-like
˜ = eT P e+ dΓ
˜ −1 d,
˜ where
function candidate given by V (e, d)
˜ , d(t)
ˆ − d(t), t ≥ 0. Furthermore, if we set M =
d(t)
−γAm P −1 + mI, m > 0, in the weight update law, then
using similar arguments as in Lemma 5.1 it can be shown


ˆ = γ −1 mPB P e(t) − γ −1 mB LT Γ−1 d(t)
ˆ˙ − κ(t) ,
that B d(t)
t ≥ 0, with κ(t) ∈ Rm , t ≥ 0, being the residual error signal.
In this case, identical results to Propositions 5.1 and 5.2 and
Theorem 5.1 can be easily obtained.
VIII. I LLUSTRATIVE N UMERICAL E XAMPLE
We present a numerical example to illustrate the proposed
adaptive controller designed based on Theorem 4.1. Specifically, consider the linear dynamical system representing an
uncertain aircraft rolling dynamics model given by




  
 
ẋ1 (t)
0 1 x1 (t)
0
0
=
+
∆(x(t)) +
u(t), (31)
ẋ2 (t)
0 0 x2 (t)
1
1
x1 (0) = x2 (0) = 0 and t ≥ 0, where x1 represents
the roll angle in radians, x2 represents
the roll

T rate in
radians per second, and ∆(x) = 0.2314, 0.7848 . For our
simulation, we choose K1 = [0.25, 0.80] and K2 = 0.25,
and a reference system corresponding to a natural frequency
ωn = 0.50 rad/s and a damping ratio ζ = 0.80. Note that
Assumptions 3.2 and 3.1 hold. Note also that the nominal
closed-loop system is very lightly damped without adaptation
(uad (t) ≡ 0, t ≥ 0). We set β(x) = x, R = I2 , γ = 1,
M = 4I2 , Γ = 100000I2 , and ŵmax = 2 (a conservative
choice for projection bound). It follows from Theorem 5.1
that |||Ge,w |||(∞,2),(∞,2) ≤ 0.35 for α = 2.85. Here, our aim
is to track a given filtered square-wave roll angle reference
command r(t), t ≥ 0.
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Figure 1 shows the closed-loop system performance of a
standard adaptive controller given by (14) with an adaptation
gain of Γ = 100I2 and the same projection bound for a
reference command profile having a maximum amplitude of
10 degrees. It can be seen from this figure that the system response and the controller performance are oscillatory. Figure
2 shows the closed-loop system performance of the proposed
adaptive controller given by (11) for the same command
profile. Note that the tracking performance of the proposed
controller in Figure 2 is clearly superior as compared to the
standard adaptive controller in Figure 1.
This system performance is expected since the proposed
robust adaptive controller does not have a high bandwidth
in the face of high gain control. This implies that the
proposed adaptive controller possesses robustness against
input time-delays since its bandwidth is limited. To see this,
we inserted a time-delay to the control input and determined
the achieved time-delay margin of the uncertain aircraft
rolling dynamics model with both the standard and proposed adaptive controllers. Figure 3 shows that the proposed
adaptive controller’s achieved time-delay margin is bounded
away from zero and goes to 0.12 seconds as we increase the
system adaptation gain. In contrast, the standard adaptive
controller’s achieved time-delay margin approaches zero as
we increase the system adaptation gain. In future research,
we will investigate the guaranteed robustness properties of
the proposed adaptive controller against input time-delays.
IX. C ONCLUSION
It is well known that standard model reference adaptive
control methods employ high-gain feedback to achieve fast
adaptation in order to rapidly reduce system tracking errors
in the face of large system uncertainties. High-gain feedback,
however, leads to increased controller effort and reduced relative stability margins, and can excite unmodeled dynamics
and drive the system to instability. In this paper, we presented
a new robust adaptive control architecture that allows for fast
adaptation of nonlinear uncertain dynamical systems while
guaranteeing transient and steady-state performance bounds.
The proposed architecture allows for a trade-off between
tracking performance and stability robustness providing a
systematic framework for verification and validation of adaptive control systems. Future research will include analyzing
relative stability gain and time delay margins and extensions
to output feedback control for minimum and nonminimum
phase uncertain systems.

Fig. 2.
Closed-loop system response of the uncertain aircraft rolling
dynamics model with the proposed adaptive controller for a reference
command having a maximum amplitude of 10 ((11) with Γ = 100000I2 ,
γ = 1, and M = 4I2 ).
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Fig. 1.
Closed-loop system response of the uncertain aircraft rolling
dynamics model with the standard adaptive controller for a reference
command having a maximum amplitude of 10 ((14) with Γ = 100I2 ).
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Fig. 3.
Achieved time-delay margin of the uncertain aircraft rolling
dynamics model with the standard and proposed adaptive controllers for
a reference command having a maximum amplitude of 10.
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